HPBM - Té Toan Bién sogn: Huynh Chi Hao

Chuyén dé ) ) )
BAT PANG THUC &

CHUNG MINH BAT PANG THUC
Huynh Chi Hao

THPT Chuyén Nguyén Quang Diéu
|.BAT PANG THUC

1. Khéi ni¢m bat dang thicc
1.1 Sb thwe dwong, sb thwe am
Néu a 1asd thuc dwong, taky hiéu a >0
Néu a lasd thuc am, taky hiéu a <0
Néu a lasb thuc duong hoic a =0, tandi a 1asd thuc khéng am, ky hiéu a3 0
Néu a lasd thucd&mhoic a=0,tandi a lasd thuc khéng duong, ky hiéu a £0
Ch y:
Vé6i hai sb thuc a,b chi c6 mot trong bakha nang sau xay ra:
a>b hoac a<b hoac a=b
Pha dinh cia ménh dé "a> 0" laménh dé "a £ 0"
Pha dinh caaménh dé "a< 0" laménhdé " a3 0"

Tinh chat quan treng

) "xl j:x*30 (dang thirc xay rakhi x =0)
i) x*30, k1 ¥ x1 j (dangthucxay rakhi x=0)
i) xlzk +x22k +...+x§" 30, k1 ¥, xiT i (dang thuc xay rakhi x,=x,=..=x, =0)

1.2 Pinh nghia 1
Sb thue agoi 1aléon hon sb thuc b, ky hisu a>bnéu a- b 1amot sd duong, tacla a- b>0.
Khi dé taciing ky hicub< a
Taco: a>b U a-b>0
Néu a>b hoic a=b, taviét a3 b. Taco:
a3b U a-b30

1.3 Pinh nghia 2
Gia sir A, B lahai biéu thac (bing s hoic chira bién)
Ménhdé: "AlénhonB", ky higu A>B
" Anho honB ", ky hiéu A< B
" A 16n hon hay bang B " ky hiéu A3 B
" A nho hon hay bang B " ky hiéu A £ B
duoc goi 1a mot bit dang thic

Quy woéc:
Khi n6i vé mot bt dang thirc ma khéng chi rd gi hon thi ta hiéu rang d6 1a mot bat
dang thuc dang.
Chitng minh mét bt ding thirc 1a chirtng minh bit ding thirc d6 ding
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1.4 Céc tinh chét co ban cia bat ding thirc
. z ia>b
1.4.1 Tinhchat 1. [ P a>c
1b>c
1.4.2 Tinhchit2. a>bU a+c>b+c
Heé qua 1. a>bU a-c>b-c
Hé qua 2. a+tc>bU a>b-c

, 1a>b
143 Tinhchét3. {°

Te>

-~ lac>bc néu c¢>0

1.4.4 Tinhchit4. a>b0 |

jac<bc néu c<0

Héequa3. a>bU0 -a<-b
Ia

Hé qua 4. a>b0 IC

19«2 néu c<0

Te ¢
. z ia>b>0
1.4.5 Tinh chat 5. [ P ac>bd
1¢>d>0
1

1.4.6 Tinh chét 6.

1.4.7 Tinh chét 7.
1.4.8 Tinh chét 8.

a>bU a?>b?

Néu avab lahai s khéng amthi :

a3 bU a?3 b?
2. Bét dang thiclién quan dén giatri tuyét doi

ix néux?3 0 R
2.1 Pinh nghia. x| = (xI R)
i-x néu x<0

2.2 Tinh chét. |x|3 0, |x| =x*, x£|x
Véi moi a,bl Rtacod:
ja+b| £ |a|+[p]
ja- b £]a] +[p]
la+b|=|a|+|p|U a.b3 0
|a- b|=|a|+|b|U ab£0

Patc>b+d

b
—>— néu ¢>0

a>hb>0U 0<=—<—
a b

a>b>0nT N b a">b"

a>b>0nl N'p %a>%b (Khai cinbdcn)
Hé qua 5. Néuavab lahai sb duong thi :

(Bdc cau)

(Cong hai Ve Vi cung mot 50)
(Trar hai vé véi cling mot s6)
(Chuyén vé)

(Céng hai vé hai bdt cuing chiéu)

(Nhan hai vé véi ciing mét s3)

(Déi ddu hai vé)

(Chia hai vé véi ciing mgt so)

(Nhan hai vé hai bdt cuing chiéu)

(Nghich dao hai vé)

(Nang lazy thera bac n)

(Binh phuong hai vé)

(Binh phuong hai vé)
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3. Bt ddng thirc trong tam giac

Néu a, b, ¢ 1a ba canh cua mot tam giéc thi
a>0,b>0,¢c>0
|b- c|<a<b+c

|c- a|<b<c+a
|a- b|<c<a+b
a>b>cU A>B>C

4. Bét diang thirc vecto

V&1 moi vecto a,b taco:
1 1 1 1
a+b|Elal+]y
1 1 1
a.b E‘aHb‘
5. Céc bat ding thirc co ban

5.1. Bét ding thirc Cauchy (C6-si) hay AM - GM
Vi hai sd a, bkhong &m (a,b3 0) taluén co:

.2
a*bs /b hay a+b® 2yab hay abeZ b0
€2 5
Dau "=" xay rakhi a=b
Véi baso a, b, ckhong am (a,b,c? 0) taluén co:
atb+c arizz+b+ct_')3

3 Jabc hay a+b+c3 3¥abc hay abcEg :
2

D4u"="xay rakhi a=b=c

Téng quéat
Cho ns6 khong &m a,,a,,...,a, taco:

a ta, +...ta
1T 3 3
" ~3 da.a,..a, hay a +a +..+a 3 nia.aq,..aqa

Dau "=" xay rakhi vachikhi ¢, =a, =...=a

n
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5.2. Bét diang thicc Cauchy-Schwarz

. Pdi véi hai cip sb thuc
. . i(a, ,
Cho hal cap so thuc .'(a b) ,tach:
7(x,y)

(ax+by)” £(a’ +b")(x* +7)

Dau "=" xay rakhi vachikhi ax = by

. Pdi véi hai bd ba sb thuc
i(a.a,,a)

Cho hai bb ba sb thuc | :

(a,b, +a,b, +a.b, ) £ (al2 +a§ +a32)(bl2 +b22 +b32)

£ s N L L a i LS X Xy S
Dau "=" xay rakhi vachi khi % = % = b—3 Véi quy udc rang néu mau bang O thi tu

ciing bing O.
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Téng quéat

i(a,a,,..,a ) i
v ,taco:
s ,bn)

Cho hai bo n s thuc
‘|‘ 19 05500e
+ab ) £(a’+a’+..+a’ )b’ +b’ +..+b’)

(a,b, +a,b, +...

“ véi quy wde rang néu mau bang O thi ti

| S

DAu "=" xay rakhi vachi khi %
1

S

n

ciing bing O.

Bét ding thirc Cauchy-Schwarz dang phan thikc

Cho hai bo n sb thuc (a,,4,.,...a,) Va (b,,b,,...,b,) V&i b,b,,...b >0 taco:
a a a’ (a +a, +..+a )
_1+_2+'”+_n 1 2 n
b, b, b b+b+..+b
Déu"=" xay rakhi vachikhi &L=% = =%
bl 2 bn
Dang thwong sir dung:
2
: . s L |d b (a+b)
- Vé6i x,y>0 vaa,bl j taco: |—+—323
X y x+ty
2 2 2
. . - . lac b ¢ atb+c
Véi x,y,z>0 va a,b,cl j tacd: |—+—+—3 ( )
X y Z xty+z
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5.3 Mgt sb bat ding thirc co ban thwong sir dung khéc

TT | Diéu kién cia bién Bat dang thiec phu biéu kién xay ra
dang thac
(Diém roi)
1 a’ +b* a=b
a,bl j ab £
2 .2 a=b
a,bl j abE?%bg
%]
3 a,bl j (a+b)2£2(a2+b2) a=b
4 a,b,cl j @ +b*+c> 3 ab+be +ca a=b
5 a,b,cl j 3(a2+b2+cz)3 (a+b+c)2 a=b=c
6 ab.cl j (a+b+c)233(ab+bc+ca) a=b=c
7 | abl § vaab31 1 1 2 a=b hoic
2+ 2Z ab=1
l+a 14+b  1+4ab
8 a,b>0 a 10 a=b
(a+b)g_+z+3 4
a %]
1,1, 4
a b a+b
9 a,b,c>0 a 1 106 a=b=c
a Cg
r, ., 9
a b ¢ atb+tc
10 a,b>0 el 16 a=b
(a+b) ¢y ®
a 2
1 1 8
—t52 :
a (a+b)
11 T s
a,,a,,b,,b,1 j \/a12+a22 +\/b12+b22 3 \/(a1+bl)2+(a2+b2)2
(Bdt Minkowski)

Chu y: Céc bat dang thic tir 7 ¢én 11 khi st dung phai chirng minh,
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6. Giatrilén nhat vagiatri nhé nhat ciaa biéu thirc
Pinh nghia: Gid sir hamsb y =f (x) (biéu thirc mot bién) xac dinh trén tap hop D.
S6 M dugc goi lAGTLN ciahamsb y =f (x) tréntap D néu cac diéu sau duoc thoa man

Ky higu: M = Maxf (x) (Xo cONn duoc goi ladiém roi)

S6 mdugc goi lAGTNN ciahamsb y =f (x) tréntap D néu cac diéu sau duoc thoa man

1) f(x)3m "xI D

Ky higu: m= nlnan( ) (Xo cONn duoc goi ladiém roi)

Déi voi GTLN vaGTNN déi véi biéu thuc nhiéu bién £(x;y) hay f(x;y;z) ciing co dinh nghia
tuong ty.

Il. CAC PHUONG PHAP CO BAN CHUNG MINH BAT PANG THUC
Tathuong sir dung cac phueong phép sau

1. Phwong phap 1: Phwong phap bién doi twong dwong
Bién ddi trong duong bét ding thirc can chirng minh dén mot bat ding thirc da biét rang ding .

Cu thé khi thurc hanh
Dé chitng minh bat dang thac A, 3 B, bang phuong phép bién déi tuong dwong tathudng thyuc hign theo

so d6 nhu sau:

A®*B U A*BU.0A?3B

Trong d6 bit dang thac A 3 B, 1abat dang thic dlng da biét.

Vay bat dang thic A ® B, duoc chiang minh.

Chay , o o

i) Chi sir dung cac tinh chat cho ta cac phép bicn doi twong duong gitra cac bat dang thuc. ,
if) Khi thay mot bi¢u thirc trong bat dang thie boi mot bicu thirc khéc bang vaéi né ta ciing dugc mot bat
dang thirc tuong duong.
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Vi du 1. Ching minh céc bat ding thirc trong bang sau

TT Piéu kién cia bién Bat dang thiec phu biéu kign xay ra
dang thirc
(biem roi)
1 a2+b2 a=b
a,bl i ab £
2 .2 a=b
X +
abl i ap g B0
€2 5
4 ab.cl j a’+b*+c’3 ab+bc+ca a=b
5 a,b,cl j 3(a2+b2+cz)3 (a+b+c)2 a=b=c
6 a,b,cl i (a+b+c)23 3(ab+bc+ca) a=b=c
7 a,bl j vaab3 1 1 N 1 - 2 a=b hoac ab =1
l+a> 1456 1+ab

Huwong ddn gidi

a) Céc bit dang thirc tir 1 dén 3 bién ddi vé bat ding thirc tuong duong (a - b)2 30

b) Céc bat ding thirc tir 4 &én 6 bién dbi vé bat dang thuc twong duong (a - b)2 +(b - c)2 + (c - a)2 30

c) B4t ding thie 7 bién ddi vé bat ding thie twong duong (a - b)2 (ab- 1) 30

Vi du 2. Chirng minh céc bt ding thic sau

1) 4x°- x*3 %(4x- 1),

X 1

" £3—2(x+3) ,

2)

Minh hea hinh hec

"xl (0;1) . Biang thuc xay rakhi ndo ?

" x1 g0:4f . Dang thirc xay rakhi ndo ?
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2. Phwong phap 2: Phwong phap tong hgp (hay phwong phap bién d6i hé qua)

Xuét phat tir céc bat diang thire ding ¢ biét dung suy luan todn hoc dé suy radiéu phai chirng minh.

Cu thé khi thgc hanh

D¢ chirng minh bét ding thirc A3 B bing phuong phép bién doi tuong duong tathuong thuc hign theo so
do nhu sau:

X3YP ..P A3 B

Trong do bat dang thac X 3 ¥ 1abét ding thirc dling da biét.
Vay bat dang thirc A3 B duogc chirng minh.

Cha y 1: Trong thuc té gidi todn tathuong phai phoi hop nhiéu ménh dé ding (c6 thé ladang thic, bét
dang thirc) dé suy radicu phai chirng minh theo so d6 sau:

SO PO 1: Tao rambdt ddy cac bt ding thic trung gian

A3 A3 A3 .3A3B

SO PO 2: Tao ra céc bat dang thire bo phan

X3YU

X3Y| s
yDAB

Chay2:

i) Bay la phuong phap thuong duoc sir dung.

ii) Khi sir dung can phol hop céc tinh chit cua bit dang thc.

iii) Co thé sir dung nhiéu bét ding thic ding dé suy ra bit dang thirc cin chirng minh. Déi véi céc bt
dang thirc ddng mata sir dung néu khdng cé trong chuong trinh SGK thi nén chirng minh lai.
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Vi du 2. Chirng minh céc bét ding thic trong bang sau

TT | Piéu kién ciabién

Bat dang thiec phu

Piéu kién xay ra

dang thirc
(biem roi)
8 ,b>0 5 =b
¢ (a+b) 2 +105 4 “
&a by
l+13 4
a b a+tb
° @bc>0 (a+b+c)ael+l+193 9 hay LIV R a=b=c
ga b cg a b ¢ a+b+c
10 “b>0 (arp) BLylO0g gy L 1o 8 a=b
& b g CU T (atb)

11 a,a,,b b1 i

1’72

\/‘112'”122 +\/bl2 +b; 2 \/(al +b1)2+(a2+b2)2
(Bdt Minkowski)

Huwong ddn gidi

a) Céc bat dang thirc tir 8 dén 10 duoc chirng minh bing Cauchy, két hop véi tinh chét bt dang thic.
b) Bat dang thirc 11 chirng minh bang bat dang thirc vecto, két hop véi toado.

10
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111. CAC BAl TAP NANG CAO

Bai 1. Cho basb thuc a,b,c thuoc doan §- 1,2 vathoaman dicukién a+b+c =0
Chirng minh rang: a® +b*> +c* £6.

Loi gidi.
Doal g L2 () P -1£4£2 P (atl)a-2)£0 P a*-a-2£0 (D) (1)
Lap luantuong tu, tacd: b*- b-2£0 (2) D)

cc-c-2£0 (3 (D)
cong (1), (2), (3) vé theo vé tacod: a* +b* +c* - (a+b+c)- 6£0 D)
Via+b+c=0 (D), néntu (4) suyra: o> +b* +c* £6 (dpem).

Bai 2. Cho céc b thuc khdng amx, y,z théaman didu kién x> +y> +z> =3, dat r=x+y+z
Chang minhring: 3 £1£3.

Loi gidi.
Taco: ()c+y+z)2 =X +y +77 +2(xy +yz+zx) (b)
vt o (24?2 2
ny+yx+zx=(x y*+3) 2(x Y Z)=t23 (Vi x*+y’+z2=3) (D)
-3

Do O£xy+yz+zx£x°+y +z7=3 (D) b O£ £3 (P)

P3£F£9 )
p \/§£t£3 (dpcm)

Bai 3. Cho céc s6 thyc a,b,cT §l,3fvathoamandiéukién a+b+c =6, dit t=ab+bc+ca
Chirng minh rang: 11£ 7 £12 . Khi ndo dang thuc xay ra?

Loi gidi.
i) Do (a+b+c)’ =a*>+b* +c* +2(ab+bc +ca)

:%ga- by +(b- ¢) +(c- a)28+3(ab+bc+Ca)3 3(ab + be + ca)

P 3t£36P t£12

4

Dau“=" ¢ (1) xay rakhi a=b=c=2
i) Vi a,b,cT g.3g nén 3- a)(3- b)(3- ¢)% 0
P 3(ab+bc+ca)d abc+9(a+b+c)- 27 =abc +27
Do a,b,cl 31,3[:}] nén (a- 1)(b- I)(c- )3 0
P abc3 ab+bc+ca- (a+b+c)+1=ab+ba+ca- 5
Tu (2 va@) suyra 3(ab+bc+ca)® ab+bc+ca+22 b 3t3t+22 b 1311
Dau“=" ¢ (4) xay rakhi a=1,b=2,c=3.
Dodé: 11£:£12. (dpcm)

(D

(2)

3)
(4)

11
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Bai 4. Cho cé&c b duong a,b,c >0 théaman a* +b> +¢> =3 . Chirng minh rang
1 1 1 3

= + + 3 =,

l+ab 1+bc 1+ca 2

Khi ndo dang thirc xay ra?

Hurgng dan gidi q
Du doan diem roi: bang thirc xay rakhi a=b=c=1.
binh hwéng: Bénh gia biéu thirc bang cac bat dang thirc phu

Loi gidi o
+ Ap dung cac bat dang thirc phu sau:

1 9

1 1
—+—+-3 (X,y,Z>0)
X y z xtytz
X H+y +77 3 xy+yztax
Taco:
=1 + ! + L s 2 3 292 2:é. (dpcm)
l+ab 1+bc l+ca 3+ab+bc+ca 3+a°+b*+c* 2

+Pangthicxayral a=b=c=1

Bai 5. Cho cé&c sb duong a,b,c >0 théaman a+b+c =3. Ching minh rang
2 3 2 3 213
P:\/abc +\/bca +\/cab £3

b+c cta at+b 2

Khi ndo dang thirc xay ra?

Hardng dén gidi q
Dw doan diém rei: bang thic xay rakhi a=b=c=1. )
Pinh hwéng: Sir dung céc bat dang thac co ban dé danh gia mau.

Loi gidi o
+ Ap dung cac bat dang thirc phu sau:

xy+yz+zx £x*+y + 77 (1)

xy+yz+Zx£%(x+y+Z)2 @)

+ Dénh gid cAc mau s caa cée sb hang cua P bing Cauchy, ta co:

p= \/c1l72c3 + \/bcza3 + \/cazb3 c \/abzc3 + \/bcza3 + \/cazb3
b+c cta a+b 2\ bc 2+ ca 2\/@

= % (\/ab.c2 + \/bc.a2 + \/ca.b2 )

(s dung Cauchy danh gia mau)

12
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=%(&.J§+@.@+@.@)
£%(ab+bc+ca) [do (1)]
£é(a+b+c)2 :% (dpcm) [do (2)]

+PangthacxayraU a=b=c=1.

Bai 6. Cho céc sb duong a,b,c théamén a+b+c = 3.Ching minh ring

1 1 1
¥+F+?3 a?+b’+c? (1)

Hardng dén gidi q
Du doan diem roi: bang thac xay rakhi a=b=c=1.
Pinh hwéng: Sir dung céc bat dang thic phu va Cauchy dé danh gia
Loi gidi o
+ Ap dung cac bat dang thic phu sau:
XPH+y +77 8 xy+yz+ax (i)

()c+y+z)2 3 3(xy+yz+zx) (i)

+ Tu déngthl'rc (a+b+c) =a*+b* +c* +2(ab+bc+ca)b a* +b*> +c* =9- 2(ab+bc +ca)

+ Khi d6: (1) U 2(ab+bc+ca)+a—12+b—12+c—123 9 ©)
+ Panh gia vé tréi caa (2) taduogc
2(ab+bc+ca)+i+i+i3 2(ab+bc+ca)+i+i+i [do (i)]
a® b ab bc ca
:(ab+bc+ca)+(ab+bC+C<’:l)+i
abc
3 3§/(ab+bc+ca)2xi (ép dung Cauchy)
3 3§/3(ab2c+ e+ abe? ) [do (ii)]
abc

= §/3abc(a+b+c) "i =333.33=9. (dpcm)

+DaubingxayraU a=b=c=1

13




HPBM - Té Toan Bién sogn: Huynh Chi Hao

Bai 7. Cho c&c b duong a,b,c théaman abc = 1. Chirng minh rang

3 3 3 3 3 3
Jir@ +0 Nirv+e Jircsa o
i ab bc ca
Khi nao dang thirc xay ra?

Huwéng ddn giai
Du doan diém roi: Dang thac xay ra khi a=b=c=1.

Pinh hwéng: Déanh gid bang bt ding thirc Cauchy basb (do trong biéu thizc trén cd bdc ba), véi cha y

diémroi vadiéu kién abc =1 o trén. q ‘
Leeuy: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.
Loi gidi.

Vi+a' +b°

ab
Theo bét ding thirc Cauchy ta co:

/ 3 3
1+a +b°3 3La’ b’ =3ab b 1+’ +b’ 2 3ab b 1+“b+b 3 \/fi (1)
a ab

+ Panh gia dai dién biéu thic

+ Ching minh twong tw ta ciing duoc:

V1+b3+c

JE
Vi+c +a’

\/Z

+Cong (1), (2), (3) vé theo vé ta co:
3 3 3 3 3
J1+d* +b +\/1+b +c +\/1+c +d J—ae1 1 6

ab be ca &ab f Vean

3 3435 \/ L (theo bt Cauchy)

r e T
:3\/5 (dpcm)

)

©)

:3\/53
\/(abc)2

+PangthacxayraU a=b=c=1.

(4)

Bai 8. Chirng minh rang véi moi x1 j , taco: 26 £50 ae2933”‘+4”‘+5X
€55 8421 8

Khi ndo dang thirc xay ra?

Huwéng ddn giai

Duw doan diém roi: Dang thiac xay rakhi x =0.

Pinh hwéng: Van dung bt ding thirc Cauchy xoay vong cho 2 sb thich hop.
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

14
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Léi gidi.
+ Panh gia dai dign

X X X X
Theo bét ding thirc Cauchy ta co: ?%9 +§?52 3 2.‘@?22 ?759 :2.,/(3”‘)2 =23 (1)
) ) ) )

+ Ching minh twong tw ta ciing duoc:

X X
20 &OO ;5 4 @
85 @ 83 @

X X
A0 &00,, o 3)
84 @ 83 @

+Cong (1), (2), (3) vé theo vé ta co:
A X X "’“l‘,l
2?83_22 +aa_52 +8@2 us 2(3”‘+4”‘+5”‘)
%5 s 645 &3 2
X X X
p 83_22 +aa_52 +a@_02 33" +4"+5" (dpcm)
€55 &4p &3 p

+Pang thicxay ra U (1),(2),(3) lacéc dangthuc U x =0

Bai 9. Cho céc sb duong a,b,c théaman l+%+l =4 . Chang minh rang
a C

1 1 1
+ +
i 2at+b+c at2b+c a+b+2c
Khi nao dang thirc xay ra?

£1.

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi a=b=c =

AW

Pinh hwéng: Van dung bt ding thirc Cauchy dang cong miu 1 +l 3 j (x,y > 0) dé danh gia dai
Xy xTy

dién. 7 , o ‘

Leeu y: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.

Loi gidi.

+ DPanh gia dai dién
. 1
Sir dung bat dang thirc co ban:

eldy L (x.y>0) (khi sir dung can ching minh)

x+y 4 x vy
. 1 leel 1 6.1@l lad 160 lad 1 16
Tach —— £+t Tt
2atb+c 4&a btcy 4&2a 4&b cgy 8%a 2b 2cy
1 led 1 16

— £t —+— 1
2a+b+c 8&a 2b 2cg @)

+ Chirng minh twong tw taciing duoc:
15
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1 led 1 10
gD ()
a+2b+c 8&b 2c 2ag

I la 1 106 o
a+b+2c sgc 2a 2bg

+ Cong (1), (2), (3) vé theo vé taco:

1 1 1 led 1 16_1
+ + —c—t+—+—==—4=1 (dpcm)
2a+b+c a+2b+c a+b+2c 4%a b cgy 4

+ Piang thic xay ra U a:b:c:%

2 2
Bai 10. Cho céc sb duong a,b,c thoamén —b+b—+% =3. Chirng minh ring
C a

a® b* c°
y & a
Khi ndo dang thirc xay ra?

Hardng dén gidi q
Du doan diem roi: bang thirc xay rakhi a=b=c=1.

Pinh hwéng: Van dung bt ding thirc Cauchy xoay vong cho 3 sé thich hop, chi y dén diéu kién.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.
Loi gidi.
+ Panh gia dai dién

a® b 3a’h® _3a’b

Theo bét dang thirc Cauchy taco: — +—+13 (1)
b ¢ bc c
+ Ching minh twong tw ta ciing duoc:
6 6 2
b_3+c_3+13 3b°c )
C a a
6 6 2
St
a
+Cong (1), (2), (3) vé theo vé ta co:
6 6 6('j 2 0
2?;+b_+c_3_ 33 3§l_b b_+C__
a g g C a b g
6 6 6
p a—+b—+c—3 3 (dpcm)
¥

+PangthacxayraU a=b=c=1.
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Bai 11. Cho céc b duong a,b,c3 0 théaman a® +b> +¢* =3 . Chirng minh rang

3 3 3
a b c 3 3

P= + + =
Jb*+3 2 +3 a+3 2

Khi ndo dang thirc xay ra?

Hurgng dan gidi q
Du doan diem roi: bang thic xay rakhi a=b=c=1.
Pinh hwéng: Sir dung céc bat dang thac Cauchy ghép cap thich hop.

Loi gidi
+ Ap dung bét ding thirc Cauchy cho 3 b , ghép mét sb hang caa P véi hai sb hang thich hop ta co:
3 3 2 6 2
a + a + b +3 3133 a :3i (1)
b +3 2p+3 16 Vo4 4
3 3 2 6 2
b + b + c+3 3133 b_ :& (2)
W+ ez 16 Ned 4
3 3 2 6 2
a + a + b™+3 3133 a_ :3i (3)
b +3 ez 16 V64 4

+Cong (1), (2), (3) vé theo Vé ta co:
a’+b’+c*+9 3’ +b +c?)

P+
16 4
p P3 E(az+bz+c2)-i:£-2:é (dpcm)
16 16 16 16 2

+PangthacxayraU a=b=c=1.

Bai 12. Cho céc b duong a,b,c thoaman ab + be + ¢ +a = 4abce . Chirng minh riang
Lolilss
i a b ¢
Khi nao dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi a=b=c=1.

Pinh hwéng: Van dung bt ding thirc Cauchy xoay vong cho 3 sé thich hop, chi y dén diéu kién.
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Léi gidi.
+ Panh gi dai dién
Theo bét dang thirc Cauchy ta co: i} +% +13 ib (1) (bdc ba nén chon 3 s0)
a a
1 1 3
—+—+]13 = 2
» bc @)

17
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%+1+13 3 (3)
c c
i3+1+13 3w
a a
+Cong (1), (2), (3), (4) vé theo vé taco:
Z&L-{-i.{-i? 633 _+i l+lg_3w_12 P i+i+i3 3 (dpcm)
8a3 ga ag abc a b

+D§1ngthu:cxayraU a=b=c=1.

Bai 13. Cho céc b duong a,b,c thbaman a+b +c £1. Chirng minh rang

R R Y
a C

Khi ndo dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi a=b=c = 1
Pinh huéng: C6 dang cia bt diang thirc Minkowski, &p dung céc bét diang thir phy, chi y diéu
EI;LT y lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Léi giai.

+ Sir dung bat dang thirc co ban:

N R R RN \/(al +b,+¢,) +(a,+b,+¢,)"  (khi st dung cdn chiig minh)

Taco:
\/a2+i+\/b2+i+\/c2+i3 (a+b+c) —+1+19
a’ b’ c’ ga

+ Bién déi va danh gia tirng b phan

(a+b+c) g—+1+19 81(a+b+c) 8—+1+19-80(a+b+c)2
a a

318(a+b+c)§l 1,10 80(a+b+c)’  (theo Cauchy)

Cﬂ
318.9-80=82 (dpcm)

, N 1
+ bang thic xay ra U a=b=c=§.

Bai 14. Cho céc b duong x,y,z thoamén x> +y? +z* =3 . Chiang minh ring

3%(+2\/E+Z0 39y+2\/7z+x0 3%+2\/Z7x+y £12.

X+l ¢ v+l z+1

5
Khi ndo dang thirc xay ra?

18




HPBM - Té Toan Bién sogn: Huynh Chi Hao

Huwéng ddn giai
Duw doan diém roi: Dang thuc xay rakhi x=y=z=1.

Pinh hwéng:

, 5
béanh gia dai dién biéu thirc gL:?Z bing céch sir dung bat dang thirc Cauchy-Schwar z.
X

a

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.
Loi gidi
.2
v s ek a3 +24/xy +270
+ Panh gia dai dién biéu thac M—
ST
Theo bét ding thircc Cauchy-Schwarz ta co:

(x+2 vz +z)2 =(x.1+\/g.\/5+1.z)2 E()c2 +2x+1)(1+2y+z2)

+ +
a%c 2\/7y z S E142y+7

(1)
x+1 g
+ Chitng minh twong tw ta ciing du:qc:
+ o
B+2rz+x - £1+27+%° )
y+l ;,
ae"+2\/Z—X+y £1+2x+y 3
z+1 ;ﬂ

+Cong (1), (2), (3) vé theo vé ta co:
&iv+2\/;+zo aey+2\/;+x0 a%+2\/z7x

x+1 p y+1 p z+1

y s £342(x+y+)+xi+y +7
ﬂ

£6+2,(3(x* +y*+2) =12 (dpem)

+Pangthicxayral x=y=z=1.

Bai 15. Cho céc sb duong x, y,z thoaman 4(x +y+ z) =3xyz . Chirng minh rang

1 1 1 3
+ + £=.
2+x+yz 2+y+zx 2+z+xy 8

Khi ndo dang thirc xay ra?
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Huwéng ddn giai
Duw doan diém roi: Dang thuc xay rakhi x=y=z=2.
binh hwéng: Banh gia dai dién bieu thic Eya— bang cac bat dang thirc Cauchy, thay doi hinh thirc
x+yz
g ~ 1 1 1
cuadidukién 4(x+y+z) =31z 0 —+—+— -3
xy yz zx 4
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Léi gidi
+ Pénh gia dai dién biéu thic
2+x+yz
Ap dung bét dang thuc Cauchy ta co:

3xyz=4(x+y+2)3 4.33xyz P xyz3 8
Tiép tuc danh gid 2 + x + yz ta co:

2+x+yz3 2\/E+yz3 2\/2 2x.yz =2\/2«/2xyz.\/; 3 4\/5(‘/);
b 1 11 1188110183110188 10
2+x+yz 4(& 42§2 fg 882 i Vi g 884 V2 g

1 £1863+i0

- - g = - 1
2+x+yz 8&4 yig @
+ Ching minh twong tw ta ciing duoc:
L 1B g
2+y+zx 884 X g
1 c 168 1 9 3)
2+z+xy 884 Xy g
+Cong (1), (2), (3) vé theo vé ta co:
1 1 1 1&9 1 1 10 1389 30 3
+ + £ — +=

2+x+yz 2+y+zx 2+z+xy 884 Xy VX XZg 884 4g 8
+Pangthacxayral x=y=z=2.

. Y ~ . : 1,17
Bai 16. Cho céc s thyc duong x,y thoaméan x+y =1. Ching minhrang xy +—3 e

Xy
Khi ndo dang thirc xay ra?

Huwéng dén gidi
Du doan diém roi: Dang thuc xay rakhi x =y :%.

Pinh hwéng: Dénh gia bang bat dang thirc Cauchy véi chiy diém roi & trénvadidu kién x+y =1 .
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.
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Loi gigi.
+ Theo bat dang thirc Cauchy ta co:

1 1 15 1 15 17
xy+—=xy+ + 32 |xy. + - =—(dpcm)
xy 16xy 16xy 16xy 16M 4

4

, - 1
+ bang thac xay ra U x=y=5.

Bai 17. Cho céc sb thuc duong X,y thoamén diéu kién 5x+ 4y = 23xy . Chang minh rang
o xroye 3y 128
X 2y 2

Khi ndo dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thic xay rakhi x :%,y :%.

Pinh huéng: Bién doi vadanh giating bo phan bang cach sir dung bét dang thic Cauchy.
Leeu y: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.

Loi gidi
. 4 5
Taco: 5SX+4y=23xy < —+—=23
Xy
4 5
+_

Khi do: P:4x+9y+§+l:4x+1+9y+i+1 =
X 2y X y 2(x vy
1 1 23
=4x+—+9y+—+—
X y 2
Ap dung bdt Co-si tasuy radugc

P 22\/4x.l -l-2\/9y.l +2:4+6+§:§ (dpcm)
X

y 2 2
4x—l
X 1
: 1 Y
bang thac xayra U {9y =— & .
y
y==
3
20203
y

Bai 18. Cho céc sb duong x,y,z thoaman x* +y> +z° +2xy =3(x +y +z). Ching minh rang

x+y+z+ 23 + 23 329
Nx+z yy+2

Khi ndo dang thuc xay ra?
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Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x =1,y =2;z=3.

Pinh hwéng: Bién doi vadanh giatirng bo phan bang céach sir dung bat dang thic Cauchy.
Lieu y: lubn nhé kiém tradiu “=" cho céc bat dang thire thanh phan.

Loi gidi
\ =, - A s 2 2 1 2
+ Tur gia thiet taco 3(x+y+z)=(x+y) +z°3 5(x+y+z) P O<x+y+z£6
+ Bién déi va danh gia tirng b phan
Ap dung bat dang thirc Cauchy ta co:
g O

23 + 23 :6E(.‘x+z)+ 8 + 8 g+&zy+2)+ 8 + ++
Nx+z Ny +2 g Vx+z \/)C'*'Zbé Ay +2 y+2 5

xty+tz+

& 1 1 0
+7 + =2
v he2g
312+12+ -2322+ 14\/5 329

14
(A RS

pangthicxayraU x=1;y=2;z=3.

Bai 19. Cho céc s thuc duong X, y, z thoamén didu kién x+ y+ z=1. Chang minh ring
I3:1-l—x_l_1-l—y_|_1-l—226.
l1-y 1-z 1-x

Khi ndo dang thirc xay ra?

Huwéng dén gidi

Duw doan diem roi: Bang thiac xay rakhi x =y =z=§.

Pinh hwéng: Danh gia bing céch sir dung bét dang thirc Cauchy.
Leeu y: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.

Loi gidi
I+x 1+y 1+z
l—y 1—z 1—x

Vix,y,z>0 vax+y+z=1nén 0< x,y,z<1 . Do do: >0

Ap dung bat ding thirc Co-si cho ba sb trén ta dugc

s (1+x)(1+y)(1+2) .
J =)= @

Taco: 1+4x=1+(1—y—z)=(1-y)+(l1—z). Do dd, & dung bit dang thirc Co-si cho hai sb thyc dwong

(l—y) va (l—z) , taduoc:
14+x>2,/(1-y)(1-2)
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Tuong tu: 1+y>2,(1-z)(1-x)
1+z>2 O—xXl—y)
Suy ra (14 x)(1+y)(142) = 8(1—x)(1-y)(1-2) )
Ter()va(2) = P>6 (dpcm)
1

Ping thuc xay ra U x=y=z=7.

Bai 20. Cho céc sb thuc x, y,z £ 0. Chang minh ring
2° 27 2°
+ +
q 27425+ 2742741 2 +20 +1
Khi nao dang thirc xay ra?

£1. (1)

Huwéng dén gidi

Dw doan diém roi: Dang thuc xay rakhi x=y=2z=0.

Pinh hwéng: it 4n phu (ddi bién) vadanh gia dai dién.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi. 9
+ Dol bien (dat an phu)
Pt a=2",b=2",c=2°. Khi d6 a,b,cl (0,1, bat dang thuc (1) tr thanh

a b c
+ +

£1 )
ab+c+1 bcta+l ca+b+l1
+ Panh gia dai dién biéu thac —~—
ab+c+1
Tacd: ab+1=(1- a)(1- b)+a+b3 a+bbp — L g ¢ 3)

ab+c+1l a+b+c
+ Ching minh twong tw ta ciing duoc:
b c b
bc+a+l a+b+c
c c
) catrbtl atb+tc
+ Cong (3), (4), (5) vé theo vé tacd:
a b c
+ +
i ab+c+1 bc+a+l ca+b+1
+PbangthicxayralU a=b=c=1hay x=y=2z=0.

(4)

(5)

£1 (dpcm)

Bai 21. Cho céc sb thuc duong X, y, z thoaman diéu kién xyz=1. Ching minh ring
1 1 1
= 3 3 + 3 3 3 + 3 3 3
X (Y+2Z)+1 ¥ (Z24+x)+1 Z(X+y’)+1
Khi ndo dang thirc xay ra?

<1.
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Huwéng ddn giai

Duw doan diém roi: Dang thuc xay rakhi x=y=z=1.

Pinh hwéng: Doi bién (dat an phy) va danh gia dai dién.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi
. . 1 1 1 ,
Vixyz=1nén x=—,y=—,z=— .Do d0:
vz X Xy
1 1 1
P= " +— 7
Sy +2)+1 7 +x0)+1 S +y)+1
(»2) ) xy)
B 1 N 1 N 1
| 1 1 1 1
—+—+1 —+=+1 —S+—+1
Z y X z y X
1 1 ) . . 1 1 1
bat a=—; b=—; c=—tacd a,b,c >0 vaabc=1thi P=

1
X ; Z a3+b3+1+b3+c3+1+c3+a3+1
Via,b>0 nén (a—b)(a’—b*)>0.Suyraa’+b' > a’b+ab’
Do dé: a3+b3-l-lzazb-l—abz+1:a2b+ab2+abc:ab(a+b+c)
Tuong ty: b3+c2+12bc(a+b+c)
c3+a3+12ca(a+b+c)

Suyra: P< ! + ! + ! = ! =1 (dpcm)

abla+b+c) be(atb+c) calat+btc) abe
bangthacxayraU x=y=x=1.

Bai 22. Cho céc s thuc duong X, y, z thoamén didu kién xy+ yz+ zx= xyz. Chang minh rang
1 1

poXi Y2 +% I
y’ X \xy yz

> 3.

Khi ndo dang thirc xay ra?

Huwéng ddn giai

Dw doan diém roi: Dang thac xay rakhi x=y=z=3.

Pinh hwéng: Doi bién (dat an phuy) , bién ddi va danh giatirng bo phan.
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi
1 1 1
Tach: Xy+yz+X=Xyz& — +y+E:1
1 1 1 , X ,
bat a=—, b=—,c=—tacd a,b,c>0vaa+b+c=1.Dodd 0<a,b,c<1
X y Z
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Khi do: P:b—2+cz+a2+6(ab+bc+ca)
a b c
bZ 2 2
:;-;-Cb -l—ac -|—2(a-|—b+c) —( b)z—(b—c)z—(c—a)2

2

:[%Z—Zb-l— ] [%—2c+b]+[%z—2a+c]—(a—b)z—(b—c)z—(c—a)2+3

_ (“‘ab)z +<b;c)z +(C‘C")z fabf —(b—c] —(c—a) +3
_ (l—a)(a—b)2 _l_(l—b)(b—c)2 _l_(l—c)(c—a)2 L3>3 (dpem)
a b c -

pangthucxayral x=y=z=3.

Bai 23. Cho a,b,c 1ad6 dai bacanh cia mot tam giéc ¢6 chu vi bing 1
Tim giatri 16n nhat caa biéuthuc T = 4 4,4 111
atb b+c c+a a b c

Huwéng dén gidi
Dw doan diem roi: Bang thic xay rakhi a=b=c=—.

Pinh hwéng: Str dung phurong phép tiép tuyén dé danh gia

Loi gidi

+Vi a,b,c 12do dai bacanh ciia mot tam gidc c6 chu vi bing 1P a,b,c ?%9
2

+Biénddi: T = 4 4 .4 1 1 1 5a- 1+5b 1, 5c- 3

1-a 1-b 1-c a b ¢ a-a bbzc-c

2
+Tacd 22 1. (18a- 3)= (a-1)(28-1) o o o7 B, 10

a- a a- a &
Trdosuyra: £18a 3,"al 8%39
a- a 8 29
+ Taciing ¢6 2 bt ding thirc twong tu:
5b- 1£18b 3" b 1042 £18c 3, ¢l & L0
TP 8§25 c-c &2

+ Cong céc bit dang thirc ndy lai véi nhau taco :

=521, 91,51 8(a+b+c)- 9=0.
Ca-a b b*> c-c?

DAu dang thic xay rakhi a:b:czéb T =9 dat duoc U a:b:c::—l3

+ Vay Cho a,b,c lado da bacanh cia mdt tam gidc co chu vi biang 1 , thi giatri 16n nhit caa biéu thic
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4 . 4.4 -E-E-Eb“ng9vadatdu:ockh|vach1kh|a b=c= 1
“a+b b+c c+a a b c

Chay: Dé oo dugc bit dang thie 2272 - £18a 3,"al ?é% ;9 ta da sir dung phwong phép tiép tuyén
@

Bai 24. Cho ba sb thuc duong a,b,c théaman a? +b* +¢® =3. Timgiatri nho nhat caa biéu thic

gl 1 16
S=8 b 50— —
(a+b+c)+ 8a+ +

Co

Huwéng ddn glal
Duw doan diém roi: Dang thuc xay rakhi a=b=c=1.
Pinh hwéng: Str dung phurong phép tiép tuyén dé danh gia.

Léi gidi

2
+ Nhan xét : 8a+5 3a” +23
a

5,3a°+23 .
2

/(1) véi moi 0<a<+/3 dau bing khi a=1. That vay

8a+—3
a

diu bang khi a=1

2
+ Tuong tu 8b+§ b +23

0 3a®-16a°+23a- 10£00 (a- 1)*(3a- 10)£0 ludn diing véi moi 0<a<+/3

(2) déu bing khi b=1

5, 3c?+23

Bo+ 2 = ,(3) dubingkhi c=1

+ Cong (1), (2), (3) vé theo vé taco:

3(a*+b?+c?)+69
S= 8(a+b+c)+585’l+1+EO (2 ) =39
&a Cg 2

DAu biang xay rakhi a=b=c=1
Vay giatri nho nhit caa S =239 dat duoc khi vachi khi a=b=c=1

S, 3a®+23

Chay: Pétimrabét ding thic 8a+= - ta s dung phwong phép tiép tuyén.

Bai 25. Cho céc s thuc duong a,b,c théaman: 9(a“+b4+c4)- 25(a2+b2+cz)+48:o
a’ b? c
+ + .
b+2c c+2a a+2b

Tim giatri nho nhat caabiéu thic: P =
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Hurgng dan gidi q
Du doan diem roi: bang thirc xay ra Ighi a=b=c=1.
Pinh hwéng: Sir dung phuong phap tiép tuyen dé danh gia

Léi gidi
+Taco 14x+23 25x° - 9x* (*), " x>0,"="U x=1 that vay
(*)0 ox’- 25x* +14x+23 00 (x- 1)°(9x* +18x+2)* Oludn ding .Vay
114a+23 25a°- 9a*
+ {14p+23 2507 - 9b° b 14(a+b+c)+62 25(a’ +b” +¢?)- 9(a’ +b* +c*) = 48
114c+23 25¢7 - o’

o b a+b+c3 3,ddubing U a=b=c=1
+ Ap dung bat dang thirc Cauchy-Schawr z ta duoc
_a b L Z(a+b+c) :a-l-b-l—ch
b+2c c+2a a+2b 3(a+b+c) 3

+ DAau bing xay ra0 a=b=c=1.Vay giatri nho nhat caa P bing 1U a=b=c=1
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BAl TAPREN LUYEN

Bai 1. Cho ba s thyc x,y,z thudc doan g0;2§ vathéaman diéukién x+y+z=3

Chirng minh rang: x> +y*+z22 £5.

Léi gidi.
Do x,y,z1 §0.24 P (x- 2)(y- 2)(z- 2)£0 (1)
P gry- 2(x+y)+4f(z- £0
P xyz- Qxy+2yz+2zx)+4(x+y+2)- 8£0 (2)
Mit kKhac, Vi (x +y+2)° =x” +y° +7° +2xy +2yz+2z2x

P 2xy+2yz+2zx=(x+y+z)2- (x2+y2+zz)
Nén (2) b xyz- g(x+y+z)2- (x2+y2+zz)g+4(x+y+z)- 8£0

P x*+y’+z £5- xyz£5 (do x,y,z3 0) (dpcm) (3
Ping thuc xay rakhi trong basd x,y,z ¢6 mot sb bang 0, mot sb bang 1, mot sb bang 2
Néi cach khac:
bang thic xay rakhi x =2,y =1,z =0 vacéc hoén vi.

Bai 2. Cho basb thyc x,y,z thuoc doan g0; 1§

Chiang minhrang: x> +y> +z> £1+x%y +y*z+2%x.

Loi gidi.
Do x,y,z1 g0,1g P (1- x*)(1- y*)(1- )3 0 1
b 1-x2- yz_ z2+x2y2+y2z2+z2x2- x2y2z23 0
D X2+y2+Z2 £1+X2y2+y2Z2+Z2X2- nyZZZ (2)
Mat khéc, Vi x,y,z1 §0.1§ nén x°y* £ x°y, y*2* £y°z, Zx* £2°x (3)
T (2) va(3) suy ra:

P x> +y +7 £1+x°y’ +y’ 7 +7°x7 - X’y E1+x°y+y’z+7°x  (dpcm)

Pang thuc xay rakhi x =1,y =z =0 vacéc hoéan vi.

Bai 3. Cho c&c b thuc x,y,z thoamandiéukién x* +y* +z° =1, dat r = xy +yz +zx.

Chirng minh riang: - %EtEl.

Loi gidi.
)Do xy+yz+zx £ExX°+y +z2=1 b t£1 (1)
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¢ (1) xay ra, Chéng hankhi x=y=z :g

D4u

) Vi (x+y+2)° =x>+y* + 22 +2(xy+yz+zx) =1+2(xy +yz+2x)3 0

P 1+2:30 b ¢3 % 2
Dau “=" & (2) xay ra, chang han khi x—-i,y—g =0

Do dé: -%EtEl.(dpcm)

Bai 4. Cho céc s thuc khdng amx, y,z théaman didu kién 3(x> +y*> +z22) +xy +yz +zx =12,
dit r=x*+y>+z*. Changminhrang: 3£:£4.

Loi gidi.
) DO3(x*+y* +z)+xy+yz+zx =12 b 3(x*+y* +22)=12- (xy+yz+zx)£12
P 3x*+y*+7°)EI2
, i P 3rE12b t£4 D
Dau “=" ¢ (1) xay ra, chang hankhi x =2,y =7z=0
) VIi3(xX*+y +27)+xy+yz+zx =12 b xy+yz+zx =12- 3(x” +y*> +7%) 2

Talaico: xy+yz+zx £x*+y" +7° ©)
T (2 va),suyra 12- 3(x> +y* +22) £ x> +y* + 7

P 12-3t£tbP ¢33 4
Diu“=" ¢ (4) xay rakhi x=y=z=1.

Dodé: 3£t£4 . (dpcm)

Bai 5. Cho céc sb thuc x, y,z1 €0; 24 thoaman didukién x+y+z=3, dat r =xy+yz+zx.
Chang minhrang: 2£7£3.

Loi gidi.
i) Do xy+yz+zx£;(x+y+z)2=3 P tE3 D

Dau“=" ¢ (1) xayra khi x=y=z=1.
i) Vix,yzl g0;28P (x-2)(y- 2)(z- 2)£0
P xyz- 2(xy+yz+zx)+4(x+y+2)- 8£0
xyz+4(x+y+z)-8,12-38
DAu “=" ¢ (2) xay ra, chang han khi x=2,y:21,z:0
Do dé: 2£¢£3. (dpcm)

P xy+yz+zx3 =2pPt32 (2
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Bai 6. Cho céc b thuc dwong x,y,z thoamandiéukién x+y+z=3,dat r=x> +y* + 2.
Chang minhrang: 3£7<9.

Loi gidi.
i) Do (x+y+2)° £3(x* +y +2°) P 313 9P 133 1)
Dau“=" ¢ (1) xayra khi x=y=z=1.
i) Vix,y,z>0P x*+y +2" <(x+y+2)’ P 1<9
Dodé: 3£:<9. (dpcm)

Bai 7. Cho c&c b thuc x,y,z thoaméandiéukién x> +y* +z> =1, dat 1= xy +yz +2zx .
Chang minhrang: 73 - 1.

Lo gid.
Do (x+y+2)’ =x?+y* +22 +2(xy +yz+2x) =1+ 2(xy +yz+zx)3 0

1

P xy+yz+zx3 - 5

1 XZ +Z2 2

1 y
P xy+yz+2zx3 - —+xz3 - —- =-1+—=3-1 (1
xy+yz+2zx 5 Xz 5 5 5 D
DAu “=" ¢ (1) xay ra, chang han khi x =z =g,y =0
Do dé: 3 -1. (dpcm)
. L i1£a,b,cE , s
Bai 8. Cho cé&c o thuc a,b,c thoa { ab,c£3 . Chirng minhrang : @’ +b* +5¢° £ 42
Tatb+2c=6
DAu ding thirc xay rakhi nao ?
Léi gidi.
Tir gia thiét tacs: 1£a£3b (a-1)(a- 3)£0p a®£4a- 3p a°£13a- 12

3

Tuongtw: 1£b£3b (b-1)(b- 3)£0P bZ£4b- 3P b £130- 12

1£c£2b (c-1)(c- 2)£0P c®£3a- 2b S £7c- 6

Tird6 a°+b°+5c5£13a- 12+130- 12+5(7c- 6) £13(a+b+2c) +9c- 54
£13.6+9.2- 54 =42 (dpcm) . D4u bang xay rakhi a=b=1c=2.
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CAC BAI TOAN “THU SUC VOI BAT PANG THUC”

(Theoi gian lam 1 bai 1a 60 phut)

Bai 1. (1 diém)
Cho céc sb thuc x,y,z thoaman 8 +8” +8° =3. Chirng minh rang
4" 4” 4* 3
+ + 3 =,
3-4° 3-4 3-4 2

Bai 2. (1 diém) ‘ ‘
Cho céc s6 thuc a,b,c thoaman dieu kién a+b+c¢ =0. Chirng minh rang
1 + 1 + 1 el

a b b c c a

82+82+1 82+82+1 82+82+]

Bai 3. (1 diém) , 7
Cho céac 6 thuc duong x,y,z thoamén 13x +5y +12z=9. Tim gi&tri nho nhat ctabiéu thuc

A= Yo 3yz + 6zx

_2x+y 2y+z 2z+x

Bai 4. (1 diém) , 7
Cho céac 6 thuc khdng @m x,y,z thoaman xy +yz+zx =3. Timgiatri nho nhat caa biéu thic
A=Y +y’ 2 + 2070 +(x- P +(y- D> +(z- 1.
Bai 5. (1 diém) , 7
Cho céc s6 thuc duong a,b,c . Tim giatri nho nhat caabiéu thirc
a+b b+c cta
+ + .
atb+c b+c+4a c+ta+16b

Bai 6. (1 diém)
Cho céc s6 thyc a,b,c thudc doan g0;1j. Tim giatri lon nhat ciia biéu thirc
a+2 b+2 +2
= + +
b+l *+1 a*+1

Bai 7. (1 diém) , 7
Cho céc 6 thyc duong x,y,z thbamén x+y+z£ 3. Timgiatri nho nhat caa biéu thirc
2 2 2 1 1 1
P="—"+—"—+—+ + +

3 3 3 2 2 2 2 2 2"
Xy o x-xyty y -yt -zxtx

Bai 8. (1 diém)
Cho céc sb thyc khong 8m x,y,z thoaman x* +y® +z* £3y . Timgiatri nho nhat cia biéu thirc
1 4 8
= + + .
(x+1  (y+2)* (z+3)°

Bai 9. (1 diém) , 7
Cho céc s thuc duong x,y,z théaman 4(x +y +z) = 3xyz. Timgiatri I6n nhat cua biéu thac
. S S
2+x+yz 2+y+zx 2+z+xy

Bai 10. (1 diém)
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Cho céc s thuc duong x,y,z thoamén x +y+z=1. Timgiatri nho nhat caa biéu thic
3 3 3
po X LY,z

X’ +yz Yy Hzx D +xy
Bai 11. (1 diém)
Cho céc sd thyc duong x,y,z thoaman x* +y? +z% +2xy = 3(x +y +z) . Tim giatri nho nhat caa biéu
thac

pexayrzs 20, 20

x+tz LJy+2
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DAP AN

Bai 1.
Cho céc sb thuc x,y,z thoaman 8° +8” +8° =3. Chirng minh rang
¥ & &3
+ + 3 =,
3-4° 3-4" 3-4 2

Hardng dén gidi q

Du doan diem roi: bang thirc xay rakhi x=y=z=0.
Pinh hwéng:

+Pat anphu @ =2*,b=2,¢ =27, chuyén vé bai todn sau:
Cho ifa’b’c>0 .CMR: a + b’ + ¢
ta’+b +c’ =3 3-a° 3-b 3-¢

+ Pénh gia dai dién biéu thuc, lvu y dén gia thiét &° +b° +¢* =3

3 3
2

Pap an

1.Pat a=2"p=2"c=2"=abc>0vaa +b’ +c’ =3
Bit ding thitc cdn chimg minh trd thanh

]

7
a” b- e
+ +

a 3
b)) B-F) 2
Theo bit ding thitc Cosi ta co:

53
23— a?)f =2a2.(3—a213—a2)s(2”2 cham +3_“H] -8

3
3 3
a a
sd3-dl<2> >—.
(-2) Pk
b b’ e c
Tuong tu ta cé B e s
S b -0?)” 2 -2) " 2

3 3 3
a b C |

Dau dang thitfc xdy rakhi a=b=c=1hay x=y=2z=0.

: 43
Do dé a[3_62)+b[3_b2)+ [.(3_{:2)25(.5;3 + B +c3)—§ (dpem).

Chiu y: Hoc sinh c6 thé khao sat ham s6 (1) = 1(3 — {2) trén (0; %}E} dé chira 1(3 - !2) S

0,25

0,25

0,25

0,25
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Bai 2
Cho céc sb thuc a,b,c¢ théaman diéu kién a+b+c¢ = 0. Chang minh rang
1 + 1 + 1 el

a b b c c a

82+82+1 82+82+1 82+82+1

Hurgng dan gidi q
Du doan dieém roi: bang thirc xay rakhi a=b=c=0.
Pinh hwéng:

a b c
+ Dat 4nphu x =22,y =22,7=22 chuyén vé bai toan sau:
1x,v,2>0 1 1 1
cho "7V MR 4~ g1
Txyz=1 x+y +1 y+z7+1 7z +x +1

+ Pénh gia dai dién biéu thuc.

7 7

bap an
23 L 2
Bt x=22. =22, 2=22 9y r5l
a b ¢
Khido,tacé xyz=22 2 2=1. BDT tr& thanh
1 1 1 0.25
+ + <L
X+ +l P4+l 2 +x’+1]
Taco 2+ +4l = P4y a2
= (x+y)(x’+ ¥’ =xy)+xyz
= (x+y)xy+xyz 0,25
= xy(x+y+z)>0.
Suy ra - l — < 1 =z
x+y +1 xy(x+y+z) x+y+:z
Tuong o, tacé — <
y+zr+l x+y+z
) 0,25
L
Cong 3 BDT trén vé theo v& ta dugc  — 13 +— ll +— 13 <l.
x+y+l y+z+1l zo+x +1 0.25
Déu dang thitc khi va chikhi x=y=z=1 ©a=b=¢=0.
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Bai 3
Cho céc sb thuc duong x,y,z théamén 13x +5y +12z=9 . Tim giatri nho nhat caabiéu thirc

T 3yz + 6zx
2x+y 2y+z 2z+x

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi x=y=z =%.

Pinh hwéng: 7 ,

+ banh gia dai dién biéu thac, lvu y gia thiét 13x+5y +12z=9

Pap an
Ap dung bat dang thirc Cési ta co
W B gy TRV (r42y).
2x+y x+x+y 3 {,’ xxy 3 3 3 9 .
- I zx 1 '
Twomg tir ta o s -S£—(y+22); S <—{(z+2x).
2y+z 9 izrtx 9
Suyra A< l{r+2t]+3{ +2 ]+6( + 2x) I{I"x+'§;+l" y=1
AL —(: N+—={y+22)+—(z+2x)=—(13x+ 5y +12z) =1.
9 9 . 9 9 ’
: G R 3
Dau*“="xayrakhivachikhi x=y=z =E, 0,5

e L . . 3
Suyragidtri lénnhitcua 4 la 1, datkhi x=y=:z= T
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Bai 4
Cho céc sb thie khéng am x, v,z théaman xy + yz +zx =3 . Tim giatri nho nhat caa biéu thic

A:x2y3 +y2Z3 +Z2x3 +(x_ 1)2 +(y_ 1)2 +(Z' 1)2

Hardng dén gidi 7

Du doan diem roi: bang thirc xay rakhi x=y=z=1.
Pinh hwéng:

+ Dénh gia dai dién biéu thac x*y* +x +1,..

+ Luu y dén bat dang thirc (x+y+z)2 3 3(xy+yz+zx).

Pap an

Ap dyng bat dang thirc Casi ta cd

S | . z z_3
v x4l =3xv, '+ y+123y 22 +z4+123ax.

Khi do
A= (x:_r" +x+1) +(_r-:-.*"' +y+1) +(Z2x Fz+ D+ +_1': +27 =3(x +y+2z)
3 xy+yz+z)+x +y i+ = x+y+2)
=(x+y+2) -3x+y+2)+3
=(x+v+zlx+y+z-3)+3.
Tirgia thiét xy+yz+zx=3 va x, v. 220 taco

(x+ v+ Pz Mxy+yz+zx)=9.

Suyra x+y+z=23,

Dodo 423,
Dau dang thirc xayrakhi x=y=z=1.
Vay gid tri nho nhat cia 4 1a 3, dat duoc khi x = y=z=1,

0.5

0,5
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Bai 5
Cho céc sb thuc duong a,b,c . Tim giatri nho nhét caa biéu thic
atb b+c cta
+ + _
atb+c b+ct+td4a cta+l6b

Huwéng ddn giai
Du doan diém roi: Kho du doan.
binh hwéng:
+batanphu x=a+b+c,y=b+c+4a,z=c+a+16b chuyénvé bai toan sau:

R .2 x0 o]
Cho x,y,z>0 . Tim GTNN cua biéu thirc: P= _8 +427 +—g 16£ - i
X X

+ Pénh gia bang bét ding thirc Cauchy.

béap an
bat x=a+b+c,y=b+c+4a,z=c+a+16b. Khido x, y, z>0 va
a:y—_rj :z—_tjcz2]_r—5y—z.
3 15 15
yox z-x z—r+21x—5'v—z 21_r—5y—z+y—x 05
Suyra P= 3 15 , 15 15 i 15 3
x ¥ z
—6x+5y+z+20x—5y 16x—z __4 12+L £+ﬂ£ 16 x
15x 15y 15z 5 3% 153 Ay 15 ¢
:l l+4i +L £+]6£]_i zi_’_i_izﬁ_
Jlx ) 15w z) > 3 I 5 15
- . e R y=2x
Dau déng thirc xay ra khi va chi khi {~ =
z7 =16x" z=4x
0,5
b+c+4a=2(a+b+c) 5
Sa=—c,b==c
ct+a+l6b=4(a+b+c) 7
e U TR . 16 . 5 3
Vay gia tri nho nhat cua P la ot datdm;rckhaz;c,bz;c.
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Bai 6
Cho céc s6 thyc a,b,c thudc doan g0;1j. Tim gidtri lon nhat ciiabiéu thirc

a+2 bP+2 F+2
= + +

P+l +1 d*+1

Huwdng dan gidi

Duw doan diém roi: Kho dy doan.

Pinh hwéng:

+ Pénh giadai dién, theo hudng khir mau.

Pap an

~

b %1

2
b +1

b* ! i

L+t D@4 —=a <" 312~—g’h".
( y—¢ )2 5

3 s
a+2<a +2

. :(a3+2)(1— <

Vi a, be[0; 1] nén ta co

< =(a’+2)—(a’ +2).
Bl b+l J(“ =S

DAiu déng thirc xay ra khi va chi khi a, be {0, 1}.

Hoan toan twong ty, ta cling ¢6 ———— <

c+1 a“ +1

Suyra P< 6—%(5;2!92 +b°c’ +c’a’)<6.

¢ ¢6 nhiéu nhat mét s6 bang 1, cic so con lai bang 0.

sO con lai bang 0.

Déu déng thirc xay ra khi va chi khi a, b, ce {0, 1} va a’b? +b*c? +c%a” =0 hay trong ba s6 a, b,

Spy ra gia tri lon nhét cua P 1a 6, dat dugc khi trong ba ) a, b, cco nhiéu nhat mot ) bf?mg 1, cac

0,5

0,5
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Bai 7
Cho céc sb thyc duong x,y,z théam@n x +y+z £ 3. Timgiatri nho nhat cua biéu thirc
2 2 2 1 1 1
P="+"+" 4 + +

3 3 3 2 2 2 2 2 2"
Xy T o x-xyty y -yt -zxtx

Hurgng dan gidi q
Du doan diem roi: bang thirc xay rakhi x=y=z=1.
Pinh hwéng:
+ bénh gia dai dién.
1 4

VT 1
+ Luu y dén bat dang thaec — +—3
a b a+b

Pap an

Taco %+L3+121;L3+L3+131; 1~+ 1~+lzi.

3 &

Xy x ¥y z b S zx

2 2 ¥ 3 3

2
NN = i ——g =
X ¥ Oz Xy yz zx

3 3 3 1 1 1
Suyria P+32—+—4 —d4 — Fib— —+— =
_1-‘}- vz X xX —_1:1.-' + ‘}.‘_ _}’ - ‘1.’:,' 4+ =z Z T =ZX4+x"

Mt khac, ap dung BDT l+l:3

a b a+b

B Bl 1 1 1 1 1 1
X yE Oz OLXy X —=xp+y yz y -—yz+z ZX Z —ZX+X

2 2 2 4 4 +
e
Xy ¥ X Xx+y Yy +z I +Xx

=4 1+,1,+4 l+,12+4(L+.}1,j
2xy x +y 2yz y +z 2zx zT4x°

, vo1 a,b>0 taco

=

16 16 16 3
> -+ >+ - >16. g : &
(x+p)" (+2)° (z2+x) %f(x+ VW (r+z)(z4+x)y
=16 39 =16 3.9 =172

"2x+2y+2z2)° 0 437

Do d6 P>9. Dau dang thirc xay rakhi x=y=z=1.
Vay gia tri nho nhit cua P 14 9, dat duge khi x = yp=z=L

0,5

0,5
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Bai 8
Cho céc sb thic khéng am x, v,z théaman x* +y* +z £3y . Timgiatri nho nhit cua biéu thuc
1 4 8
= + + .
(x+1)’ (y+2)* (z+3)

Huwong dén gidi
Duw doan diém roi: Kho dy doan.
Pinh hwéng: .
s 1A A < , 1 1 8
+Luuy dén bat dang thuc — +—-3 5
a b (a +b)

Pap an

Tacd 2r+4y+2z=(x + D+ (¥ + )+ (2 +1) =2+ v +z2+6=3v+6.

Suvra 2x+ v+ 2z = 6. Dau diing thirc xdy ra khi x=%=z=l.

=

Chii ¥ rang, véi hai s6 dwong a, b dp dung bt dang thirc Csi ta c6

{1+_§+2+:+3}3 {2I+\+Zz+”}]_ (6+]U’]‘_

Déu dang thirc xay rakhi x=1,y=2,z=1.
Viy gid tri nho nhét ciia P bang 1, datkhi x=1,y=2z=1.

Loghes B (*)
a b (a+b)
(dau dang thie xay rakhivachikhig=6.
Ap dung (*) taduge P= _I o+ !I L - 2 Ey g B :
R 64 64.4 , 644

0,5

03
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Bai 9
Cho céc sb thyc duong x,y,z théaman 4(x +y +z) = 3xyz. Tim giatri 16n nhat cua biéu thirc
p= 1 + 1 + 1 .
2+x+yz 2+y+zx 2+z+xy

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x=y=z=2 .
Pinh hwéng: .

+ Panh giadai dien.

Pap an

Ap dung BT Cési ta ¢6 3xyz =4(x+ y+z) 24.33/xyz, nén xyz 8.
Tiép tuc 4p dung BDT Cbsi ta dugc

24x+yz2 242x + yz 2 2\/2@.}2 = 2\/2@.}-‘3 = 2\/21!2.1}*3 \/}_z > 4\64\/}_3

1 IS A 1 R 1 O A il € -
Suy ra < : S——| =F+—= |8 =+—+—|==| =+—|
2+x+yz 424z 4202 fyz) 812 4 yz) 8l4 xz

o 1 113 1 1 1{3 1
Tuong tytaclingc6 ——— <—| —+ —< | —+—

2+y+mx 8 4 ;’2+z+x}’ 814 xy
Do d6 Psl E+L+i+i - E+E =§.
84 xy yz zx) 8\4 4) 8
Déu dang thirc xay ra khi va chi khi x=y=2z=2.
Vay gia tri lon nhét cua P la % dat dugc khi x=y=z=2.

0,5

0,5
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Bai 10
Cho céc sb thuc duong x,y,z théamén x +y+z=1. Timgiatri nho nhit cua biéu thuc

3 3 3
X
+—2 =

P: 2 2 2 '
X" +yz y t+tzx z7+xy

Huwéng dén gidi
Duw doan diem roi: Bang thic xay rakhi x =y =z =§ :

Pinh hwéng: .

3
+ banh giadai dién -X.
x“+yz
Pép an
Va1 x,y,z>0ta co:
x> XyZ | 1 N4
5 —_— ¥ = — 2 = — 2 — = —
X +yz X“ +yz X 4 > x 1 2
Yz yZ X
_y+z
A
3 53
Tuong oo 2y - _xrz. z > XFY
y© +2zx 4 Z° + Xy 4
- y 1
~ N » a1 1 . 1
Vay P dat gia tri nho nhat bang —2—kh1 X=y=2 :5-
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Bai 11
Cho céc sb thyc duong x,y,z théaman x* +y* +z% +2xy = 3(x + y +z) . Tim gi&tri nho nhit caa biéu
thirc
20 20
+

Nx+z \Jy+2 .

P=x+y+z+

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x=1,y=2,z=3 .
binh huéng: .

+ Bién dbi biéu thirc va danh gla bang Cauchy cho 3 biéu thirc.
+ Luu y dén diémroi vagia thiét.

Pap an

Tu ma thiét ta ¢o x+y+1)= (1+1'}1+: >

Suyra x+y+z56.
Khi do, ap dung BDT Cosi ta co
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Diu dang thire xﬁyr ra khivachikhi x=1, y=2,z=3,
Viy gid tri nho nhdt cua P 1a 26, dat duge khi x=1, y=2, z=13.
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